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Abstract
This paper compares the linear regression (OLS) and quantile regression approaches as ways
to test the convergencehypothesis for Brazilian municipalities in the period from 1970 and 1996.
The quantile approach not only circumvents some pitfalls of OLS, but is also a stronger test of
convergence, and allows some quantiles to present convergence while others diverge. When con-
trolling for regional differences, results from OLS and quantile regression are not signiﬁcantly
different, except for a few quantiles in the North and Northeast regions. The results suggest that
the convergence hypothesis passes the stronger test imposed by the quantile regression. Depend-
ing on the region, GDP per capita is convergingto the steady state at a rate from 0.39% to 3.64%
per year.
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11 Introduction
There are many empirical studies that try to test for income convergence across economies using
different data sets.1 One of their objectives is to evaluate whether Solow’s prediction, that a poor
economy grows at a faster rate than a rich one, can be somehow empirically conﬁrmed.
In order to test Solow’s prediction, many of these studies run an OLS regression in which the
dependent variable is the average growth rate over some period of time and the explanatory variable
is the initial income per capita. The idea is that a negative coefﬁcient in this regression indicates that
economies with lower initial levels of income per capita grow at a higher rate in subsequent years.
However, there are some important technical problems already discussed in the literature with
this classical approach. First, it assumes that the estimated coefﬁcient in the OLS regression is the
same for all economies. This does not allow for the possibility that the impact of the initial income
per capita on growth in the subsequent periods will differ across economies.2 Second, it ignores the
problem known in the literature as “Galton’s Fallacy.” As pointed out by Friedman (1992) and Quah
(1993), a negative coefﬁcient in the traditional OLS regression may not indicate that economies are
converging to the same long-run steady state, but intead can signal regression to the mean. Finally, the
presence of outliers and heterocedasticity can be a problem, which can bias the coefﬁcient estimated
from the OLS regression.
In this paper, we propose a different methodology to test convergence across economies, one
which can solve the technical problems of the OLS regression mentioned above. The use of quantile
regression is the main contribution of this study. This approach not only circumvents the pitfalls
of the former one, but is also a stronger test of convergence, as it allows some quantiles to present
convergence while others diverge.
Our objective here is to test whether there is convergence across the almost 4000 Brazilian mu-
nicipalities in the period from 1970 to 1996. We compare the results obtained using the traditional
OLS growth regression with those obtained employing quantile regression. Initially, we perform this
comparison using the whole sample, which allows us to analyze if all municipalities in Brazil are
converging to the same long-run steady state. Later, we break the sample into ﬁve groups. Each one is
1See Sala-i-Martin (1996) for a survey of these studies.
2See Bernard and Durlauf (1996).
2formed of municipalities in each of the ﬁve regions in Brazil: south, southeast, center, northeast, and
north. We compare the results obtained for each group using both methodologies.
To our knowledge, Mello and Novo (2002) is the only other study that uses quantile regression to
test convergence across economies. They use, however, a different sample formed by 98 countries,
known as Barro and Lee’s data set.
The rest of this paper is organized as follows. The problems in using OLS to infer income con-
vergence across economies are reviewed in section 2. Then, in section 3, we present the quantile
regression methodology and explain how it can correct the problems with OLS growth regressions
mentioned in the previous section. In section 4, we begin by brieﬂy explaining the data set used in
this empirical work, and test whether there is income convergence across Brazilian municipalities us-
ing quantile regression. We also compare the rate of convergence obtained in this study with other
results where the traditional OLS approach is used. Conclusions are drawn in the last section.
2 Problems with OLS Growth Regressions
The traditional approach to growth, based on Solow’s model, suggests that a poor economy tends to
grow faster than a rich one. The explanation behind this result is that, given the same technological
and behavioral parameters, the marginal productivity of capital is greater in the poor locations, as
capital there is relatively scarcer. As a consequence, income or output per capita convergence across
countries would occur in the long run.
The empirical growth literature has tested Solow’s implication in the following way. It considers
that the average growth rate over the interval from
￿
to








































































































, then the lower the initial income per capita, the greater the average growth rate in the years




estimated through OLS is
negative.
3There are many empirical studies that follow this methodology to test the
￿
-convergence hypoth-
esis using different data sets. For regional data sets, such as Japanese prefectures, regions in Brazil,
Italy, Spain, the United States, and areas of other countries, there is strong empirical support for the
idea of
￿
-convergence.34 However, when countries’ data set are used, the estimated coefﬁcient for
￿ is not necessarily negative, indicating nonexistence of
￿
-convergence across countries.5
These different results for regional and non-regional data sets are to some degree expected. Re-
gions inside a country are more likely to have the same technological and behavioral parameters, and
thus have the same long-run steady state. The prediction in Solow’s model that poor economies will
eventually catch up with rich ones holds true only if they have the same long-run steady state. An
example can illustrate this point. Suppose that richer economies have a greater income per capita
steady-state equilibrium in comparison with poorer ones. Under this assumption, a negative estimated
coefﬁcient for
￿
can occur if the poorer economies start far below their steady-states, whereas the
richer ones start at values near their steady-states. As the long-run steady states are different, the
notion of convergence in which “the limit of the long-run forecasts of output differences tending to




In order to deal with the possibility of multiple long-run steady states, the empirical growth liter-
ature uses another concept of convergence, the conditional
￿
-convergence.7 The idea is to introduce
variables that are proxies for the steady-state in the regression based in equation (1). Hence, instead
















































































is held constant, it is said that the data set exhibits conditional
￿
-convergence. Once the vector
3For a summary of many of these results using regional data sets, see Sala-i-Martin (1996). For the case of Brazil, see
Ferreira (1996) and Schwarstman (1996).



































































￿ . This non-linear equation comes from the log-linearized version of the equilibrium condi-
tions of the Solow-Swan model. Barro and Sala-i-Martin (1995) show how to derive this equation.
5See also Sala-i-Martin (1996).
6See Bernard and Durlauf (1996) for an extensive discussion on this topic.
7Another concept of convergence widely used in the traditional literature on empirical growth is
3 -convergence. Ac-
cording to this concept, a group of economies are converging if the dispersion of their income per capita tends to decrease






is added, the estimated coefﬁcient for
￿
in the regression using the countries’ data set becomes
negative, suggesting the existence of conditional
￿
-convergence.8
However, there are other important criticisms of this traditional approach to testing the conver-
gence hypothesis empirically which cannot be easily repaired by OLS.The new literature on empirical
growth has presented three major objections to this traditional methodology.
First, as discussed in Bernard and Durlauf (1996), the estimated coefﬁcient for
￿
using OLS is
equal to a weighted average of the ratio of differences of growth rates to differences of initial incomes,
both from the sample mean. In order to obtain convergence, it is necessary that a weighted average of
countries or regions with above average initial incomes grow at a slower rate than the mean growth for
the cross-section. As it is an average, it is theoretically possible that some countries or regions are not
converging to a common long-run steady state and that
￿
￿
is negative. As pointed out by Bernard and
Durlauf (1996), “the cross-section tests cannot identify groupings of countries which are converging
...[and] is thus ill-designed to analyze data where some countries are converging and others are not.”
In other words, it cannot identify the existence or lack of convergence clubs.9
Traditional OLS growth regressions establish not only the magnitude of the effects of the initial






Using equation (2), the estimated coefﬁcients for
￿
are valid for all countries or regions. This as-
sumption, however, seems to be unawarranted. It is very unlikely, for example, that the impact of
a policy variable such as human capital on economic growth would be the same for all economies
irrespective of their level of development. Mello and Novo (2002) discuss this point at great length
and, in particular, they test using quantile regression whether policy variables affect the mean and the
dispersion of the conditional distribution of GDP growth rates for the Barro and Lee’s data set.
Second, Friedman (1992) and Quah (1993) argue that estimated coefﬁcients for
￿
in the traditional
OLS growth regressions do not shed any light on whether the poorer economies are converging to the
richer ones, that is, on whether convergence occurs or not. To make this association is to commit the
problem known as Galton’s classical fallacy. According to Friedman and Quah, a negative relationship
between the average growth rate and the initial income may reﬂect regression to the mean and not
convergence. In other words, “a negative correlation does not, in fact, imply a collapsing of the
8See Sala-i-Martin (1996).
9See Quah (2000) for a theoretical and empirical discussion of the possibility of emerging convergence clubs.
5cross-section distribution.” For example, Quah (1993) takes a non-collapsing invariant cross-section
distribution and regresses the growth rates on an initial condition. He shows that the coefﬁcient on
the initial condition is always no greater than zero. Thus, a negative sign on the initial condition
coefﬁcient does not indicate a collapsing cross-section distribution. More generally, Quah (1993)
shows that a cross-section distribution can diverge even when the initial conditions regression shows
a negative correlation between time-averaged growth rates and the initial levels.10
Finally, the presence of outliers and heteroscedasticity can be a problem. With regard to the
former problem of outliers, there is a risk of eliminating part of the sample. The use of a non-random
sample can produce biased estimation. In fact,to restrict the sample is widely used in the classical
empirical literature on growth in order to check whether there is conditional
￿
-convergence. The
idea is to restrict the sample to economies with the same long-run steady state. With regard to the
latter problem, heteroscedasticity can arise due to the different economic behaviors and characteristics
across the economies that form a data set used in the OLS traditional regressions. The use of dummy
variables for different regions is a traditional approach to correct this problem.
The above discussion pinpoints some technical problems with the classical approach in the lit-
erature that is used to test empirically the existence or lack of convergence across economies. This
discussion shows the need to employ another approach to circumvent the pitfalls of the traditional
methodology. The next section deals with a possible alternative approach.
3 Quantile Regression
The use of quantile regression methodology to test convergence across economies is the main distinc-
tion of this paper. The OLS approach is easily computable and, by this reason, very appealing. Its
results represent a conditional mean estimation. However, ordinary least squares do not perform ade-
quately when the sample does not follow a normal distribution and presents heteroscedastic behavior
with notable outliers. Koenker and Bassett (1978) introduced quantile regression as the estimation
of the conditional quantile function as one possible solution to these problems.11 This innovative ap-
proach brings not only more explanatory power to the results when compared to the details captured
10Bernard and Durlauf (1996) present complementary results to those derived by Quah (1993).
11See also Koenker and Portnoy (1996), Buchinsky (1999), and Koenker and Hallock (2001).
6by the least squares approach, but also decreases the inﬂuence of outliers in the estimations.
The parallel between least squares and quantile regression approaches can be seen by comparing











































. Quantile regression uses a similar

















































































represents the difference between the actual value and the estimated one
for each observation. Clearly, these differences may take positive or negative values. The indicator
function assumes value 1 when the
￿
is negative, and zero otherwise. As a result, the loss function






￿ allows both the weighting and the optimization of the differences between the estimated and actual
values of observations for each quantile.13

































. Quantile regression, using linear
programming methods, estimates the conditional median function, as well as all the possible choices
of other conditional quantile functions. Compared to that, an OLS model restricts itself to estimations
of the conditional mean function.
Quantile regression’s characteristics are especially interesting in the present study. In the previ-
ous section, three speciﬁc problems with OLS regressions were mentioned, and quantile regression
features answers to each one of them.




￿ , while the indicator function assumes value
￿ when
/ is negative.
13When using OLS regression, the squared value of the difference between the actual and the estimated value for each
observation makes its optimization problem possible.
7convergence rate for all countries or regions. This is a main attribute of ordinary least squares regres-
sion. Using quantile regression, however, instead of having an unique estimated coefﬁcient, the con-
ditional mean, a family of curves will be available for interpretation. Each estimated quantile focuses
its attention on a particular segment of the conditional distribution, resulting in a broader description
of the relationship between the variables. In a growth regression, these different estimated coefﬁcients
for
￿
represent distinct rates of convergence. For each quantile, a speciﬁc rate of convergence will be
available.
A second failure of OLS regression in characterizing the growth equation is related to Galton’s
fallacy, which points out the estimation of an expected conditional parameter as one of the caveats of
a linear regression approach.14 As Friedman (1992) and Quah (1993) point out, the estimation of a
negative coefﬁcient for the initial GDP per capita in the growth regression does not necessarily imply
that the convergence hypothesis is fulﬁlled. This may happen because the linear regression estimation
corresponds to a mean of the observations’ distribution. Unlike OLS, quantile regression estimation
provides a wider view of the observations distribution. As a result, if the observations contained in
any quantile do not converge, its estimated coefﬁcient for the initial GDP per capita would be non-
negative. This characteristic of quantile regression means that it not only allows different coefﬁcient
estimates for each chosen quantile, but also allows the estimates to indicate convergence or divergence
for each one of them.
Another problem that usually affects growth regressions in a linear regression is the presence of
outliers and the heteroscedastic distribution of the observations. The quantile regression approach
is known for its low sensitivity to outlier observations. In the linear squares regression, the failure
of the normality assumption, especially with outliers that result in a long-tail distribution, results in
poor estimates of the parameters. Quantile regression estimations, imposing different weights on
observations according to the quantile to be estimated, are robust even for cases with a distribution far
from Gaussian.
Given these speciﬁc characteristics of quantile regression, the estimation of a growth regression
using this approach is developed in the following section. The usual difﬁculties faced in least squares
estimation are avoided with this different methodology.
14Koenker (2000) describes the Galton fallacy and the past attempts to solve it.
84 Empirical Results
The data used in this paper comes from two sources. The data on GDP of each municipality comes
from IPEA, which is the Brazilian government research institute. Information about the population of
each municipality is from IBGE, the Brazilian Bureau of Statistics.
It was necessary to make some adjustments in the raw data because the number of municipalities

















in 1996. The approach used in this paper is to work as if
no new municipalities were created after 1970. In order to follow this strategy, it was necessary to
make adjustments in the raw data in two ways. First, there are cases in which a new municipality
was created after 1970, which would have been part of another municipality in 1970. For example,
municipality
￿ was created after 1970 while in 1970 it was a part of municipality
￿ . In 1970, the
GDP per capita of
￿ included also that of
￿ , as
￿ did not exist at that time. In 1996, the data shows
the GDP and the population of both municipalities separately,
￿ and
￿ . However, we do not have this






cases such as this one. In such cases, we consider the
two municipalities as only one. Second, there are other cases in which a new municipality, created
after 1970, was formed by aggregating parts from different municipalities that existed in 1970. For
example, municipality
￿




exist in 1970. The latter municipalities continued to exist with the same name afterwards but they
became smaller. There are
￿
￿
￿ cases of this nature. It is not possible to identify what part of the GDP






￿ as forming one unique municipality, and called it
￿ . Therefore, municipality
￿ is equal to the sum of municipalities
￿
and





￿ in 1996, and we calculate the income per capita accordingly.
Following the procedures proposed above and excluding
￿
￿
￿ municipalities from the sample due
either to a lack of information about the population, or GDP, or the origin of some municipalities that







We now turn to the empirical analysis. First, equation (1) was estimated by OLS using all the
15The table in the appendix provides the number of municipalities in each state and region. It also includes the summary


























































































































where the standard error for the estimates of the coefﬁcients are in parentheses and for the F statistics
the p-value is reported. Both coefﬁcients are signiﬁcant and the
￿
￿
is negative, indicating that there is
convergence across Brazilian municipalities over the period covered in the analysis. However, without
controlling for regional differences, the above result can be biased.16
Therefore, the next step is to add dummy variables in the OLSregression (1) to check if the esti-
mated parameter changes signiﬁcantly. We allow for different intercept and slope for the following




95% conﬁdence interval.18 The coefﬁcient estimated for
￿
in regression (4) is reproduced in the ﬁrst
column in ﬁgure 1. Note that the coefﬁcients for all regions are negative and they are signiﬁcantly dif-
ferent from those obtained in regression (4).19 The smaller new parameter in absolute terms estimated
for
￿
is obtained for the Southeast region, the most developed one, and it is almost two times greater
than the previous estimate for
￿
. These results suggest the importance of controlling for regional
differences in order to obtain unbiased estimates and a greater speed of convergence.20




for several quantiles21 and also the OLS estimate. Some of these estimates are signiﬁcantly
different from OLS.
Table 1 presents the estimates of
￿
￿

























as well as the OLS estimate. Note that it is between the quantiles
16See discussion in chapter 11 in Barro and Sala-i-Martin (1995).
17This excludes the dummy for the Southeast region.
18Notation used in the ﬁgure is LB for lower bound and UB for upper bound
19The new estimates are also signiﬁcantly different from zero. The results can be obtained from the authors upon request.
20It will be seen at the end of this section that the magnitude of these new estimates (and as a consequence the speed of
convergence) are more similar to the ones obtained in other related papers.
21In all ﬁgures that show the quantile regression results, we include estimates for quantiles from 10% to 90% with
intervals of 5%.











Figure 1: Beta Estimate with Conﬁdence Interval for Brazil and Regions
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−
−
−
−
−
−
−
−
−
−
−
−
−
−
−
−
−
−
−
−
−
−
−
−
−
F
i
g
u
r
e
7
:
F
i
t
t
e
d
V
a
l
u
e
s
f
o
r
1
0
%
Q
u
a
n
t
i
l
e
1
5B
r
a
z
i
l
N
o
r
t
h
N
o
r
t
h
e
a
s
t
C
e
n
t
e
r
S
o
u
t
h
e
a
s
t
S
o
u
t
h
R
e
g
i
o
n
1
0
3
0
5
0
7
0
9
0
Half-Life
F
i
g
u
r
e
8
:
H
a
l
f
-
L
i
f
e
s
t
h
e
r
e
d
u
c
t
i
o
n
i
n
i
n
c
o
m
e
d
i
s
p
a
r
i
t
i
e
s
a
c
r
o
s
s
i
t
s
m
u
n
i
c
i
p
a
l
i
t
i
e
s
w
i
l
l
t
a
k
e
a
l
o
n
g
e
r
t
i
m
e
.
A
s
u
r
p
r
i
s
i
n
g
r
e
s
u
l
t
i
s
t
h
a
t
h
i
g
h
h
a
l
f
-
l
i
f
e
f
o
r
t
h
e
S
o
u
t
h
i
s
l
o
w
e
r
t
h
a
n
t
h
e
o
n
e
s
o
b
s
e
r
v
e
d
f
o
r
t
h
e
N
o
r
t
h
e
a
s
t
a
n
d
t
h
e
C
e
n
t
e
r
r
e
g
i
o
n
s
,
w
h
i
c
h
a
r
e
l
e
s
s
d
e
v
e
l
o
p
e
d
t
h
a
n
t
h
e
S
o
u
t
h
r
e
g
i
o
n
.
F
i
n
a
l
l
y
,
i
t
i
s
i
n
t
e
r
e
s
t
i
n
g
t
o
c
o
m
p
a
r
e
t
h
e
a
b
o
v
e
r
e
s
u
l
t
s
w
i
t
h
o
t
h
e
r
s
o
b
t
a
i
n
e
d
i
n
r
e
l
a
t
e
d
p
a
p
e
r
s
.
F
e
r
-
r
e
i
r
a
a
n
d
E
l
l
e
r
y
(
1
9
9
6
)
u
s
e
d
a
t
a
f
o
r
t
h
e
B
r
a
z
i
l
i
a
n
s
t
a
t
e
s
f
o
r
t
h
e
p
e
r
i
o
d
f
r
o
m
1
9
7
0
t
o
1
9
9
0
.
T
h
e
y
o
b
t
a
i
n
a
s
l
o
w
e
r
s
p
e
e
d
o
f
c
o
n
v
e
r
g
e
n
c
e
w
i
t
h
￿
￿
a
r
o
u
n
d
0
.
0
1
4
,
w
h
i
c
h
c
o
r
r
e
s
p
o
n
d
s
t
o
a
h
a
l
f
-
l
i
f
e
o
f
a
r
o
u
n
d
5
0
y
e
a
r
s
.
T
h
i
s
d
i
f
f
e
r
e
n
c
e
m
a
y
b
e
r
e
l
a
t
e
d
n
o
t
o
n
l
y
t
o
t
h
e
f
a
c
t
t
h
a
t
w
e
u
s
e
a
d
i
f
f
e
r
e
n
t
t
i
m
e
p
e
r
i
o
d
a
s
w
e
l
l
a
s
t
h
e
f
a
c
t
t
h
a
t
w
e
u
s
e
a
ﬁ
n
e
r
d
i
v
i
s
i
o
n
o
f
t
h
e
B
r
a
z
i
l
i
a
n
s
p
a
c
e
,
m
u
n
i
c
i
p
a
l
i
t
i
e
s
v
e
r
s
u
s
s
t
a
t
e
s
.
O
u
r
o
v
e
r
a
l
l
r
e
s
u
l
t
i
s
c
l
o
s
e
t
o
t
h
e
o
n
e
o
b
t
a
i
n
e
d
f
o
r
t
h
e
J
a
p
a
n
e
s
e
p
r
e
f
e
c
t
u
r
e
s
(
￿
a
r
o
u
n
d
0
.
0
2
8
a
n
d
h
a
l
f
-
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p
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p
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c
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c
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c
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p
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c
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p
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i
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c
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c
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p
i
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p
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i
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p
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p
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c
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c
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c
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c
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r
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e
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i
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e
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c
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c
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b
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c
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c
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.
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i
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p
i
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n
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i
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p
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c
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